Abstract. In a separably connected space any two points are contained in a separable connected subset. We show a mechanism that takes a connected bounded metric space and produces a complete connected metric space whose separablewise components form a quotient space isometric to the original space. We repeatedly apply this mechanism to construct, as an inverse limit, a complete connected metric space whose each separable subset is zero-dimensional.
Proposition 2. Every connected economically metrizable space is nonseparably connected. Now, the economically metrizable space (P (N), d) is homeomorphic to the ternary Cantor set with the euclidean metric, which is not economical.
Proposition 4.
Every metrizable space containing a copy of the Cantor set admits a metric that is not economical.
Proof. Recall that given a metrizable space X and a closed subset M ⊂ X, every admissable metric on M can be extended to an admissable metric on X, Engelking 4.5.21(c). So if X contains a copy of the Cantor set, M ⊂ X, we may choose a metric for M that is not economical and extend it to the whole X.
Preliminaries: connected inverse limits
In this section we prepare the tools that we use to show that the spaces we construct are connected. Lemma 5 and Lemma 6 are used in Theorem 14 to obtain connected, not separably connected spaces. The remaining lemmas and Theorem 10 are used in Theorem 18 to show that our inverse limit is connected.
We need to make a number of simple observations -Lemmas 7, 8, 9 -before we are ready to apply E. Puzio's Theorem 11 from [2] .
Let X and Y be topological spaces. Then a function f : X → Y is • monotone iff f −1 (y) is connected for each y ∈ Y , • open at x ∈ X iff f (x) ∈ Int(f (U )) for every neighborhood U of x, • hereditarily quotient iff
for every open set U ⊂ X and every point y ∈ Y .
Lemma 5. If every fiber of f : X → Y contains a point at which f is open, then f is hereditarily quotient.
Proof. This is immediate from the definitions.
Lemma 6 (Engelking 6.1.I). Suppose that f : X → Y is monotone and hereditarily quotient. Then X is connected if f(X) is connected.
Proof. Let U be a clopen subset of X. To show that f (U ) is open take any y ∈ f (U ).
Since the fiber f −1 (y) is connected and intersects the clopen set U , it follows that f −1 (y) ⊂ U . Since f is hereditarily quotient, y ∈ Int(f (U )), showing that f (U ) is open. Since X \ U is also clopen, it follows by analogy that f (X \ U ) is open, too. Now, the sets f (U ), f (X \ U ) are disjoint, because the clopen sets U , X \ U contain whole fibers. The connected space f (X) = f (U ) ∪ f (X \ U ) is a union of two disjoint open subsets. Thus U = X or U = ∅, showing that X is connected.
Lemma 7.
If f : X → Y is monotone and hereditarily quotient then f −1 (E) is connected whenever E ⊂ Y is connected.
Proof.
A straightforward subspace topology argument shows that the restriction
is hereditarily quotient. It is also evidently monotone. Therefore, by Lemma 6,
Lemma 8. If f : X → Y and g : Y → Z are monotone and f is hereditarily quotient, then g • f is monotone.
Proof. Since g −1 (z) is connected and f is monotone and hereditarily quotient, by
Proof. Take any open set U ⊂ X and any point z ∈ Z such that (g
Since f is hereditarily quotient, we have
Theorem 10 (E. Puzio, 1972) . Let X 1 , X 2 , . . . be a sequence of connected spaces. Suppose that each function f n : X n+1 → X n is a continuous monotone hereditarily quotient surjection. Then the inverse limit of this system
is connected.
Proof. Theorem 11 in [2] requires the additional assumption that the functions
are monotone hereditarily quotient surjections for all n < m ∈ N. But this follows from our assumptions thanks to Lemma 8 and Lemma 9. So X is connected.
The little example [0, 1) ∪ {2} → [0, 1] shows that the assumption that f is hereditarily quotient is needed in all these lemmas.
Preliminaries: first countable spaces
Our mechanism (Theorem 14) that returns an appropriate complete metric space for a given metric space actually works for any first countable space, so we decided to write it more generally at the cost of introducing some technical details for dealing with first countable spaces.
Proposition 11. A topological space X is first countable if and only if to each pair of points x, u ∈ X we may assign a number
for all x ∈ X and E ⊂ X.
Proof. If X is first countable, there are open sets {U n (x) : x ∈ X, n ∈ N} such that x ∈ U n+1 ⊂ U n (x) and the sequence U n (x) is a local basis at x. Then
is easily seen to be as desired.
On the other hand, if X admits such a function d x (u), let
and consequently, x ∈ X \ B(x, r). In other words,
for some r > 0 and consequently B(x, r) ⊂ G. So, U n (x) = Int(B(x, 1/n)) are the open sets which show X to be first countable.
Complete connected, not separably connected spaces
Locally constant functions. Let X be a topological space. We say that a function f : X → Y is locally constant iff each point x ∈ X has a neighborhood U x such that f |U x is constant. Naturally, the cardinality of the image f (X) cannot exceed the density of X, |f (X)| ≤ dens(X) = min{|D| : D = X}.
Metrically discrete subsets. Let (X, d) be a metric space. We say that A ⊂ X is a metrically discrete subset of X iff there is an ε > 0 such that d(a, b) ≥ ε for any distinct a, b ∈ A. Naturally, the cardinality of a metrically discrete subset cannot exceed the density of the metric space X, |A| ≤ dens(X).
Lemma 12. If X is a metric space and f : X → Y is locally constant except on a metrically discrete subset, then |f (X)| ≤ dens(X).
Proof. Let K, D be disjoint subsets of X such that f |K is locally constant and D is metrically discrete. Then
Functionally Hausdorff spaces. We say that a topological space X is functionally Hausdorff iff for any two distinct points a, b ∈ X there is a continuous function f : X → R with f (a) = f (b). Each connected subset E of such a space is either a singleton or contains a set of cardinality c, as the following easy argument shows.
Lemma 13. Let X be a metric space. Let Y be a functionally Hausdorff space. Let f : X → Y be a Darboux function that is locally constant except on a metrically discrete subset. Then f is constant on every connected separable subset of X. Moreover, if f is not constant, then X is not separably connected.
Proof. Let E ⊂ X be a connected separable subset. Since f is Darboux and E is connected, the set f (E) is a connected subset of a functionally Hausdorff space. Thus f (E) is either a singleton or |f (E)| ≥ c. By Lemma 12, |f (E)| ≤ dens(E) = ℵ 0 , so the set f (E) is countable and thus a singleton.
To argue that the spaces constructed in Theorem 14 are completely metrizable, we obtain them as closed subsets of a certain canonical space (which we call the cobweb) that is easily seen to be complete.
The hedgehog. Let κ be a cardinal number. A hedgehog with κ spikes, each of length ε > 0, is the space H = {(0, 0)} ∪ (κ × (0, ε]) equipped with the metric ρ given by
It is easy to see that it is a complete one-dimensional arcwise connected metric space.
The cobweb. Let ε > 0 be a fixed number. Let V be a subset of a normed space where a = x 0 and x n = b and
Then ρ is clearly a metric on W , the distance being measured along the threads, so that at each vortex the space (W, ρ) is locally isometric to a hedgehog with appropriately shortened spikes, and at the remaining points it is locally isometric to appropriately short euclidean intervals. The metric space (W, ρ) will be called the cobweb spun over V . It is clearly zero-dimensional. The cobweb is complete. Indeed, if x n is a Cauchy sequence, we have a k ∈ N such that ρ(x n , x k ) ≤ ε/4 for all n ≥ k. It is evident that there is a vortex u ∈ V with ρ(x k , u) ≤ ε/2. Then ρ(x n , u) ≤ ρ(x n , x k ) + ρ(x k , u) ≤ 3ε/4 for all n ≥ k. So the Cauchy subsequence x k , x k+1 , . . . is contained in the hedgehog with vortex u and spikes of length 3ε/4, so it converges because the hedgehog is complete.
The following theorem is written so as to reveal all the interesting properties of the spaces constructed and to allow first countable functionally Hausdorff spaces in the place of metric spaces. However, some of the conclusions are stronger for metric spaces and these are summarized in Corollary 15.
Theorem 14. Let X be a first countable functionally Hausdorff space. Then there exists a complete one-dimensional metric space Z and a continuous monotone hereditarily quotient surjection f : Z → X such that (1) each fiber of f is homeomorphic to a hedgehog with |X|-many spikes, thus |Z| = c|X| (2) each fiber Z a = f −1 (a) has exactly one point a * ∈ Z a at which f is open; these points form a metrically discrete subset (3) Z is connected ⇐⇒ X is connected (4) Z a \ {a
* } is open in Z for each a ∈ X, thus dens(Z) ≥ |X| and f is locally constant except at those discretely spaced points a * (5) |f (A)| ≤ dens(A) for any subset A ⊂ Z (6) each connected separable subset of Z lies in one of the fibers (7) Z is not separably connected (8) its arcwise components coincide with the fibers (9) the space
Proof. Since X is first countable, let d be as in Proposition 11. Let X = X × {0} and let X * = X × {1}. Let Ω = X ∪ X * be considered with the counting measure. Let Y be the Hilbert space L 2 (Ω), that is
For each x ∈ X, let x ∈ Y be the characteristic function of the singleton {(x, 0)}, and let x * ∈ Y be the characteristic function of the singleton {(x, 1)}. Let V = {x : x ∈ X} ∪ {x 
for each a ∈ X. Let Z = {Z a : a ∈ X}. Let Z be equipped with the induced metric from the cobweb spun over V . Notice that Z is obtained by taking away selected open intervals from some of the threads of the cobweb spun over V . So Z is a closed subset of this cobweb. Thus Z is a complete zero-dimensional metric space.
Let f : Z → X be given by f (Z a ) = {a} for all a ∈ X. Clearly, f −1 (a) is connected for each a ∈ X, so f is monotone. We claim that f is open at each a * ∈ Z because
for all a ∈ X, r > 0. Indeed, for any b ∈ B(a, r), we have b a − a * = d a (b) < r, and so b = f (b a ) ∈ f (B(a * , r)). By Lemma 5, f is hereditarily quotient.
By Lemma 6, Z is connected if X is connected. Later we show that f is continuous, so X is connected if Z is connected.
For each a ∈ X, the set Z a \ {a * } is open in Z. Thus f is locally constant except on the metrically discrete set {a * : a ∈ X} ⊂ V . Therefore, for any set A ⊂ Z, the restriction f |A is locally constant except possibly on a metrically discrete set, and by Lemma 12, |f (A)| ≤ dens(A).
To show that f is continuous, it is sufficient to analyze those points where f is not locally constant. Take any a ∈ X and any s ∈ (0, √ 2). Then, by Proposition 11, f (a * ) ∈ Int(B(a, s)), and there is an r ∈ (0, s) with B(a, r) ⊂ Int (B(a, s) ). We claim that f is continuous at a * because
Indeed, take any z ∈ B(a * , r).
, and so f (z) = b ∈ B(a, r). Hence f is continuous. Now, f is a Darboux function that is locally constant except on a discrete subset. Since X is functionally Hausdorff, by Lemma 13, we conclude that each connected separable subset of Z lies in one of the fibers. This means that the fibers coincide with the separablewise components of Z, each of which is homeomorphic to a hedgehog and thus arcwise connected.
Corollary 15. Let X be a metric space bounded by one. Then there exists a complete metric space Z (connected if and only if X is connected) and a Lipschitz monotone hereditarily quotient surjection f : Z → X whose fibers coincide with the separablewise components of Z and form a quotient space isometric to X.
Proof. Notice that in the course of the proof of Theorem 14 we have
for all a ∈ X, r > 0. We also have
for all x, u ∈ Z.
In the next section we obtain a complete nonseparably connected space as an inverse limit of a sequence of spaces generated by repeatedly applying Theorem 14. The following Corollary 16 lists only those properties that are essential for that purpose.
Corollary 16. To every metric space X there corresponds a uniquely determined complete connected metric space Z and a continuous monotone hereditarily quotient surjection f : Z → X such that |f (A)| ≤ dens(A) for any subset A ⊂ Z.
Recall that a connected, locally connected complete metric space must be arcwise connected, Engelking 6.3.11. The space Z obtained in Theorem 14 is not locally connected, although it is locally connected except on a metrically discrete subset. This illustrates how important it is to assume that the space is locally connected at each point if we want to conclude that it is arcwise connected.
A complete nonseparably connected space
We make an appropriate choice of the product metric for our inverse limit to ensure that it is economically and completely metrizable at the same time.
Lemma 17. Let (X n , d n ) be a sequence of uniformly bounded metric spaces. Let X = n∈N X n and let π n : X → X n be given by π n (x 1 , . . . , x n , . . .) = x n . Then
for each x, u ∈ X defines a product metric that is complete if all factor metrics are complete. Moreover, for any infinite subset A ⊂ X we have
Proof. For any a, b ∈ X we have
Therefore, if A ⊂ X is infinite, we have
Theorem 18. There exists a complete connected economical metric space.
Proof. Let X 1 be a connected complete metric space bounded by one. By Corollary 16, we have a sequence (X n , d n ) of complete connected metric spaces bounded by one and continuous monotone hereditarily quotient surjections f n : X n+1 → X n such that |f n (A)| ≤ dens(A) for any subset A ⊂ X n+1 . Let X be the inverse limit of this system. By Theorem 10, X is connected. Equipping the product ∞ n=1 X n with the product metric from Lemma 17 induces a complete metric d on X that satisfies |d(A × A)| ≤ sup n∈N |π n (A)| for any infinite subset A ⊂ X. It remains to show that (X, d) is economical. Let A ⊂ X be any infinite subset. We have
Corollary 19. There exists a complete connected metric space whose each separable subset iz zero-dimensional. In particular, there exists a complete nonseparably connected metric space.
Proof. By Theorem 18 and Proposition 1.
Connected punctiform spaces. Recall that a topological space is punctiform if all of its connected compact subsets are singletons. For example, any Bernstein subset of the euclidean plane is a connected punctiform metric space. A separable complete connected punctiform space was constructed by Kuratowski and Sierpiński in 1922, [1] . A variation of their idea was presented in [7] . Our complete nonseparably connected space is a new example of a connected punctiform space.
Appendix: a non-constant continuous locally extremal function
Alessandro Fedeli and Attilio Le Donne constructed a connected metric space X and a non-constant continuous function f : X → [0, 1] that has a local maximum or a local minimum at every point, without claiming that the domain X is complete, [9] and [10] . By modifying the proof of our Theorem 14, we make a similar construction that is less technically burdensome, and the domain of the function is easily seen to be complete.
Theorem 20. There is a complete connected metric space (X, ρ) and a Lipschitz monotone hereditarily quotient surjection f : X → (0, 1) that has a local extremum at every point.
Proof. Let a, a ↑ , a ↓ for a ∈ (0, 1) be identified as distinct points forming a discrete set V in some nonseparable normed vector space, e.g. : b ∈ (0, a) for each a ∈ (0, 1). Let X = {H a : a ∈ (0, 1)}. Notice that X is a closed subset of the cobweb spun over V . Equipped with the metric ρ induced from the cobweb, X is a complete metric space.
Let f : X → (0, 1) be given by f (H a ) = {a} for each a ∈ (0, 1). Notice that |f (x) − f (u)| ≤ ρ(x, u) for all x, u ∈ X, so f is continuous. For each a ∈ (0, 1), f has a local minimum at a ↑ and a local maximum at a ↓ . It is locally constant at every other point. Now, f is hereditarily quotient because f (B(a ↑ , r)) = [a, a + r) f (B(a ↓ , r)) = (a − r, a]
for all a ∈ (0, 1) and all r ∈ (0, a) ∩ (0, 1 − a). Since f is a monotone hereditarily quotient surjection onto (0, 1), by Lemma 6, X is connected.
Further developments. We are preparing a sequel paper in which we construct a complete nonseparably connected space as a metric group, [11] . Moreover, we plan to devote a separate paper to the construction of the cobweb ⊛(X) over a first countable space X, having the properties listed in Theorem 14. We feel that this operation of obtaining the space Z out of X is interesting in itself and needs to be investigated more closely, outside the context of constructing connected, not separably connected spaces. We have a number of different ways of describing this cobweb operation, each having its advantages and disadvantages, and we feel that this topic deserves separate treatment.
